The present paper studies the Banach contraction principle for digital metric spaces such as digital intervals, simple closed k-curves, simple closed 18-surfaces and so forth. Furthermore, we prove that a digital metric space is complete, which can strongly contribute to the study of Banach fixed point theorem for digital metric spaces. Although Ege, et al. [O. Ege, I. Karaca, J. Nonlinear Sci. Appl., 8 (2015), 237-245] studied "Banach fixed point theorem for digital images", the present paper makes many notions and assertions of the above mentioned paper refined and improved.
Introduction
Fixed point theory plays an important role in many areas of mathematics such as mathematical analysis, general topology and functional analysis, which leads to lots of applications in mathematics and applied mathematics such as computer science, engineering, game theory, fuzzy theory, image processing and so forth [5, 14, 15] . In metric spaces, this theory begins with the Banach fixed-point theorem [1] (also known as the contraction mapping theorem or contraction mapping principle); it guarantees the existence and uniqueness of fixed points of certain self-maps of metric spaces [23, 24] , and provides a constructive method of finding those fixed points. Hence the Banach fixed point theorem becomes an essential tool for solution of some problems in mathematics and engineering. Motivated by the Banach fixed point theorem [1] , the other tools [5] such as a generalized Banach contraction principle [19, 27] were established for studying metric spaces [18, 23, 24] . Digital topology has a focus on studying digital topological properties of nD digital images [25, 26] , which have contributed to some areas of computer sciences such as image processing, computer graphics, mathematical morphology and so forth [2, 7, 20] . To be specific, the notion of digital continuity was developed by Rosenfeld [26] for studying 2D and 3D digital images. Then the concept was extended into the study of nD digital images, n ∈ N [7] . Up to now, several types of digital continuities have been developed [11] for studying digital images from the viewpoints of Khalimsky topology and Marcus Wyse topology and so forth [28, 29] . Based on this approach, the paper [26] firstly studied the almost fixed point property of digital images. To establish digital versions of the Banach fixed point theorem [1] and a generalized Banach contraction principle [19, 27] , the recent paper [6] studied "Banach fixed point theorem for digital images" and its applications. Thus some important results were obtained.
Before referring to the works, first of all, we need to recall the following: we say that a digital image (X, k) has the fixed point property [26] if every k-continuous map f : (X, k) → (X, k) has a fixed point x ∈ X, i.e. f (x) = x. Based on this approach, the paper [6] mainly dealt with the following topics.
(1) Digital versions of both a classical Cauchy sequence and a limit point of a sequence in a metric space; (2) a digital version of the Banach fixed point theorem (see Proposition 3.6 and Theorem 3.7 and Example 3.8 of the paper [6] ); (3) a digital version of a generalization of the Banach contraction principle (see Theorem 3.9 of the paper [6] ); (4) miscellaneous problems and applications related to the above issues.
To work these out in details, Ege et al. [6] used the notion of a digital metric space, a digital version of the Banach contraction principle and some properties from digital topology [2, 3, 8, 9, 10, 20, 21, 22, 26] . However, since the paper [6] has many things to be refined and corrected, the present paper makes these approaches from (1) to (4) above improved.
The rest of the paper proceeds as follows: Section 2 provides some basic notions from digital topology. Section 3 makes several notions proposed in the paper [6] refined and improved. More precisely, digital versions of both a Cauchy sequence and a limit of a sequence in a metric space are refined and improved. Besides we study the property of the completeness of digital metric spaces. Section 4 investigates some properties of the Banach contraction principle from the viewpoint of digital topology. To be specific, although a digital interval denoted by [0, l] Z does not have the fixed point property [16, 26] , we prove that any digital contraction map on ([0, l] Z , d, 2) is a constant map. Furthermore, we prove that any self digital contraction map on a simple closed k-curve with l elements in Z n , denoted by SC n,l k , has a fixed point on SC n,l k , it need not be a constant map. Besides, we prove that any digital contraction map on a simple closed 18-surface, denoted by M SS 18 , also has a fixed point on M SS 18 . Owing to these works, the present paper improves the paper [6] . Section 5 concludes the paper with a concluding remark.
Preliminaries
To study Banach fixed point theorem for digital images, we need to recall some basic notions from digital topology such as digital k-connectivity of n-dimensional integer grids, a digital k-neighborhood, digital continuity and so forth [7, 20, 25, 26] .
Let N and R represent the sets of natural numbers and real numbers, respectively. Let Z n , n ∈ N, be the set of points in the Euclidean nD space with integer coordinates.
To study nD digital images, for consistency with the nomenclature "4-adjacent" and "8-adjacent" (resp. "6-adjacent", "18-adjacent and "26-adjacent") well established in the context of 2-(resp. 3-)dimensional integer grids [20, 25] , we will say that two distinct points p, q ∈ Z n are k-(or k(t, n)-)adjacent if they satisfy the following property [7] (see also [10, 11] ) as follows: For a natural number t, 1 ≤ t ≤ n, two distinct points
are k(t, n)-(k-, for short)adjacent if at most t of their coordinates differs by ±1, and all others coincide. Concretely, these k(t, n)-adjacency relations of Z n are determined according to the two numbers t, n ∈ N [7] (see also [13, 14] ).
Using the operator of (2.1), we can obtain the k-adjacency relations of Z n [7] (see also [13, 14] ) as follows:
where
(n−i)! i! , in the present paper we shall use the symbol " :=" in order to introduce new notions without mentioning the fact. A. Rosenfeld [25] called a set X ⊂ Z n with a k-adjacency a digital image denoted by (X, k). Indeed, to follow a graph theoretical approach of studying nD digital images [8, 17, 26] , both the k-adjacency relations of Z n (see the property (2.2)) and a digital k-neighborhood have been often used. More precisely, using the k-adjacency relations of Z n of (2.2), we say that a digital k-neighborhood of p in Z n is the set [25] N k (p) := {q | p is k-adjacent to q}.
Furthermore, we often use the notation [20] 
For a, b ∈ Z with a b, the set [a, b] Z = {n ∈ Z | a ≤ n ≤ b} with 2-adjacency is called a digital interval [4, 20] .
We say that two subsets (A, k) and (B, k) of (X, k) are k-adjacent to each other if A ∩ B = ∅ and there are points a ∈ A and b ∈ B such that a and b are k-adjacent to each other [20] . We say that a set X ⊂ Z n is k-connected if it is not a union of two disjoint non-empty sets that are not k-adjacent to each other [20] . For a digital image (X, k), we say the k-component of x ∈ X is the largest k-connected subset of (X, k) containing the point x.
For a k-adjacency relation of Z n , a simple k-path with l + 1 elements in Z n is assumed to be an injective sequence (x i ) i∈[0,l] Z ⊂ Z n such that x i and x j are k-adjacent if and only if either | i − j | = 1 [20] . If x 0 = x and x l = y, then the length of the simple k-path, denoted by l k (x, y), is the number l. A simple closed k-curve with l elements in Z n , denoted by SC n,l k [7, 20] (see Figure 2 (a),(b)), is the simple k-path (x i ) i∈[0,l−1] Z , where x i and x j are k-adjacent if and only if j = i + 1(mod l) or i = j + 1(mod l) [20] .
For a digital image (X, k), as a generalization of N * k (p) the digital k-neighborhood of x 0 ∈ X with radius ε is defined in X to be the following subset [7] of X.
where l k (x 0 , x) is the length of a shortest simple k-path from x 0 to x and ε ∈ N. Concretely, for X ⊂ Z n we obtain [12] 
Since the notion of digital continuity is an essential notion in digital topology, the paper [25] established the notion of digital continuity of a map from f :
Motivated by this approach, since the notion of a digital k-neighborhood of a point with radius 1 (see the property (2.4)) is very useful in digital topology, the digital continuity of maps between digital images was represented with the following version, which can be substantially used for studying digital spaces X in Z n .
According to Proposition 2.1, we see that the point y ∈ N k 0 (x, 1) is mapped into the point f (y) ∈ N k 1 (f (x), 1), which implies that for the points x, y which are k 0 -adjacent a (k 0 , k 1 )-continuous map f has the property
Hereafter, we will use the term "(k 0 , k 1 )-continuous" for short instead of "digitally (k 0 , k 1 )-continuous". In Proposition 2.1 in case n 0 = n 1 and k 0 = k 1 := k, the map f is called a "k-continuous" map instead of a "(k, k)-continuous" map. Besides, we need to point out that the digital continuity is different from the continuity for studying metric spaces because the digital neighborhood N k (x, 1) of (2.4) is not a smallest open set containing the point x (see Remark 3.2).
Since an nD digital image (X, k) is considered to be a set X ⊂ Z n with one of the k-adjacency relations of (2.2) (or a digital k-graph [8, 17] ), in relation to the classification of nD digital images, we use the term a (k 0 , k 1 )-isomorphism as in [8] (see also [17] ) rather than a (k 0 , k 1 )-homeomorphism as in [2] .
In Definition 2.2, in case n 0 = n 1 and k 0 = k 1 := k, we call it a k-isomorphism [8, 9] . In addition, we denote by X ≈ k Y a k-isomorphism from X to Y .
In relation to the study of a Banach contraction principle of a closed 18-surface [6] , we need to recall basic notions from digital k-surface theory [2, 3, 9, 10, 21, 22] . In a digital image (X, k), a point x ∈ X is called a k-corner if x is k-adjacent to two and only two points y, z ∈ X such that y and z are k-adjacent to each other [3] . The k-corner x is called simple if y, z are not k-corners and if x is the only point k-adjacent to both y, z. X is called a generalized simple closed k-curve if what is obtained by removing all simple k-corners of X is a simple closed k-curve [3] .
26 (x) = {x | x and x are 26-adjacent} [2, 3] . Thus we restate | X| x = N 26 (x, 1) − {x} in Z 3 . More generally, for a k-connected digital image (X, k) in Z n , n ≥ 3, we can state | X| x = N * 3 n −1 (x) ∩ X, where N * 3 n −1 (x) = {x | x and x are (3 n − 1)-adjacent}. In other words, | X| x = N 3 n −1 (x, 1) − {x} in Z n . In the paper [10] , a (simple) closed k-surface in Z n was studied, where (k,k) = (3 n − 2 n − 1, 2n) such as (18, 6) in Z 3 , which is the generalization of Malgouyres' simple closed 18-surface [3, 22] . Also, we recall that for a digital image (X, k), a simple k-point [2] is one whose removal does not change the digital topological property of (X, k) [2] .
Definition 2.3 ([9]
). Let (X, k) and (X := Z n \ X,k) be digital images in Z n , n ≥ 3 and k =k. Then, X is called a closed k-surface if it satisfies the following.
(1) In case (k,k) ∈ {(k, 2n), (2n, 3 n −1)}, where the k-adjacency is taken from (2.2) with k / ∈ {3 n −2 n −1}, then (a) for each point x ∈ X, | X| x has exactly one k-component k-adjacent to x; (b) |X| x has exactly twok-componentsk-adjacent to x; we denote by C x x and D x x these two components; (c) for any point y ∈ N k (x) ∩ X, Nk(y) ∩ C x x = φ and Nk(y) ∩ D x x = φ.
Furthermore, if a closed k-surface X does not have a simple k-point, then X is called simple.
(
Furthermore, if the image | X| x is a simple closed k-curve, then the closed k-surface X is called simple. 
Remarks on the completeness of digital metric spaces
Before studying the Banach fixed point theorem from the viewpoint of digital topology, first of all, we say again that a digital image (X, k) has the fixed point property [26] if every k-continuous map f : (X, k) → (X, k) has a fixed point x ∈ X, i.e. f (x) = x. Although the recent paper [6] studied a digital version of the Banach fixed point theorem, we need to make many notions and assertions more simplified and improved.
While the paper [6] studied "Banach fixed point theorem for digital images" on digital metric spaces, there is no precise definition of a digital metric space in the paper. Hence, to delete the ambiguity, we need to define the notion as follows:
Definition 3.1 ( [6] ). We say that (X, d, k) is a digital metric space if X ⊂ Z n , (X, d) is a metric space inherited from the metric space (R n , d) with the standard Euclidean metric function d on R n and (X, k) is a digital image, k := k(t, n) is the k-adjacency of (2.2).
In view of Definition 3.1, we need to recall the following: Remark 3.2. For a digital metric space (X, d, k), the set X ⊂ Z n has the discrete topological structure induced by the metric topological space (X, T d ) generated by the metric space (or a metric function) (R n , d).
Hence we need to consider X with one of the k-adjacency relations of (2.2) so that we have a relation among points in X ⊂ Z n in terms of the digital k-connectivity of (2.2). Thus we conclude that a digital image (X, k) can be considered to be a digital graph with k-adjacency (or a digital k-graph) in Z n (see [8, 9] ).
In relation to the study of a digital version of the Banach fixed point theorem, first of all we need to recall the following:
Even an integer interval ([0, l] Z , 2) does not have the fixed point property [15, 26] . . We say that a sequence {x n } of points of a digital metric space (X, d, k := k(t, n)) is a Cauchy sequence if for all ε 0, there is α ∈ N such that for all n, m α, then d(x n , x m ) ε.
This seems to be motivated by the original version of the Cauchy sequence in a metric space. However, a moment's reflection urges that we need to make it more clear or refined from the viewpoint of digital topology. Since the sequence {x n } is considered in the digital metric space (X, d, k := k(t, n)), in view of the property (2.1), Definition 2.2 and Remark 3.2, we observe that the Euclidean distance between any two distinct points p, q ∈ X is greater than or equal to 1 as follows: Proposition 3.4. In a digital metric space (X, d, k := k(t, n)), consider two points x i , x j in a sequence {x n } ⊂ X such that they are k-adjacent, i.e. x i ∈ N k (x j , 1) or x j ∈ N k (x i , 1), and x i = x j . Then they have the Euclidean distance d(x i , x j ) which is greater than or equal to 1 and at most √ t depending on the position of the two points, i.e. d(
Proof. According to the property (2.1), it is clear that any two distinct points x i , x j ∈ {x n } in the digital metric space (X, d, k := k(t, n)) has at most t of their coordinates which differs by ±1 and all others coincide. Thus the standard Euclidean distance d(x i , x j ) inherited by embedding these points x i and x j in (R n , d) places between 1 and √ t depending on the position of the two points. More precisely, d( Figure 1 (a) the Euclidean distance of any two points 2-adjacent in Z is 1. In Figure 1 In relation to the notion of Cauchy sequence proposed in Definition 3.3, it requires the following condition "if for all ε 0, there is α ∈ N such that for all n, m α, then d(x n , x m ) ε". In view of Proposition 3.4,we may take ε = 1 because two distinct points p, q in a digital metric space is greater than or equal to 1.
Thus we obtain the following: Proposition 3.5. We say that a sequence {x n } of points of a digital metric space (X, d, k := k(t, n)) is a Cauchy sequence if and only if there is α ∈ N such that for all n, m α, then d(x n , x m ) 1.
In terms of Proposition 3.4, we obtain the following from the digital topological point of view. Theorem 3.6. For a digital metric space (X, d, k := k(t, n)), if a sequence {x n } ⊂ X ⊂ Z n is a Cauchy sequence then there is α ∈ N such that for all n, m α, we have x n = x m .
Proof. According to Definition 3.1 and Proposition 3.5, if a sequence {x n } of points of a digital metric space (X, d, k) is a Cauchy sequence, then there is α ∈ N such that for all n, m α, then d(x n , x m ) 1. Thus, by Proposition 3.4, the elements x n and x m should be equal to each other.
Definition 3.7 ([6])
. A sequence {x n } of points of a digital metric space (X, d, k := k(t, n)) converges to a limit L ∈ X if for all ε 0, there is α ∈ N such that for all n α, then d(x n , L) ε.
By Proposition 3.4, Definition 3.7 can be represented in such a way.
Since the digital metric space (X, d, k) is a kind of digital image with both a k-adjacency and the metric d, by Proposition 3.4, the limit of the sequence {x n } in Definition 3.7 has the following property.
Motivated by the notion of completeness of a sequence in a metric space, its digital version was established in [6] , as follows:
However, this digital version has its own feature. A sequence in a digital metric space is quite different from that in a metric space. More precisely, according to Definitions 3.1 and 3.7, Theorem 3.6, Propositions 3.8 and 3.9, we obtain the following:
Proof. Let us consider any Cauchy sequence {x n } of points of a digital metric space (X, d, k). Then, by Theorem 3.6 and Proposition 3.9, we obtain α ∈ N such that for all n, m α we have x n = x n+1 = · · · = x m in X.
A digital contraction map and the Banach contraction principle from the viewpoint of digital topology
At this moment we need to recall the original version of a contraction map [1] as follows: Let (X, d) be a metric space and f a continuous self-map on (X, d). If there exists γ ∈ [0, 1) such that for all x, y ∈ X d(f (x), f (y)) ≤ γd(x, y), then f is called a contraction map. Unlike the ordinary contraction map, its digital version has its own features. As proposed in Theorem 3.11, although every digital metric space is complete, the digital version of the Banach contraction principle is different from the classical one. Thus, to study a digital version of Banach contraction principle [1], the paper [6] introduced the following: Definition 4.1 ( [6] ). Let (X, d, k) be a digital metric space and f : (X, d, k) → (X, d, k) be a k-continuous self-map, k := k(t, n). If there exists γ ∈ (0, 1) such that for all x, y ∈ X d(f (x), f (y)) ≤ γd(x, y), then f is called a digital contraction map.
Indeed, the notion of a digital contraction map is certainly inherited from both the digital continuity in Z n and a classical contraction map on the metric space (Z n , d). Comparing the original version of a contraction map with its digital version of Definition 4.1, we observe a little difference between γ ∈ [0, 1) and γ ∈ (0, 1). Indeed, in view of Proposition 2.1 and the property (2.5), in Definition 4.1 we may take γ ∈ [0, 1) instead of γ ∈ (0, 1).
Based on Definition 4.1, the authors of [6] obtained the following:
Proposition 4.2 (Proposition 3.6 of [6] ). Every digital contraction map is digitally continuous.
Namely, we can restate Proposition 4.2 more precisely, as follows: Every digital contraction map cannot be a map because f (X) is the set {f (0) = 0, f (1) = 1 2 , f (2) = 1} which is not even a subset of X. For a digital contraction map f on a digital metric space (X, d, k), while Im(f ) need not be a singleton (see Figure 3) , a digital interval has the following property. 2) ) is a constant map, which implies that f has a fixed point.
Owing to the hypothesis of the digital contraction of f , for the points x ∈ N 2 (x 0 , 1), f (x) should be mapped into the point t 0 and further, another points x ∈ N 2 (x, 1) have the image f (x ) = t 0 . Consecutively, by induction, we see that the image f ([0, l] Z ) should be the singleton {t 0 }, which completes the proof. Rosenfeld [26] was first come up with the fixed point theorem for digital images (X, k) in a graph theoretical approach. Finally, he proved that (see Theorems 3.3 and 4.1 of [26] , for more details, see [14, 15] ) a digital image (X, k) with | X | ≥ 2 does not have the fixed point property. This means that only a singleton has the fixed point property in digital topology in a graph theoretical approach. In particular, he intensively studied this property with k = 2n. Thus we obtain the following (see Theorem 4.7 (1) below). Theorem 4.7. Let us consider a digital metric space (X, d, k) in Z n and (X, k) be k-connected, k := k(t, n).
) be a digital contraction map. Take any point x 0 ∈ X and put f (x 0 ) = x 0 . First, consider a point x 1 ∈ N 2n (x 0 , 1) such that x 1 = x 0 , then owing to the digital contraction of f , for λ ∈ (0, 1) we obtain
. By Proposition 3.4, we have d(f ((x 1 ), f (x 0 )) = 0, which implies f (x 1 ) = f (x 0 ). Second, consider a point x 2 ∈ N 2n (x 1 , 1) such that x 2 / ∈ {x 0 , x 1 }, then owing to the digital contraction of f , for λ ∈ (0, 1) we obtain d(f ((x 2 ), f (x 1 )) ≤ λd(x 2 , x 1 ) = λ, because d(x 2 , x 1 ) = 1. By Proposition 3.4, we obtain d(f (x 2 ), f (x 1 )) = 0, which implies f (x 2 ) = f (x 1 ). Consecutively, by induction, we see that the image f (X) should be the singleton {t 0 }, which completes the proof.
(2) To guarantee the assertion, we may pose two examples: (Case 1: k-connected case) Let us consider the digital contraction map f on SC Let us apply these works to digital geometry, as follows: 
